Abstract. We consider linear representations of the Galois groups of number fields in 2 different characteristics and examine conditions under which they arise simultaneously from a motive.
Introduction.
It is a typical feature of motives (and automorphic forms of arithmetic type) that the Galois representations they give rise to occur in compatible families: these compatible families are of p-adic (see [8] ) or mod p (see [5] ) representations with p varying. While the representations that occur in such a family are strongly correlated, in a sense each member of the family reveals a new face of the motive. In recent celebrated work of Wiles playing off a pair of Galois representations in different characteristics has been crucial.
In this paper we investigate when a pair of mod p and mod q representations of the absolute Galois group of a number field K simultaneously arises from an automorphic motive: we do this in the 1-dimensional (Section 2) and 2-dimensional (Section 3: this time assuming K = Q) cases. In Section 3 we formulate a mod pq version of Serre's conjecture refining in part the question of Barry Mazur and Ken Ribet in [11] and some of the considerations in [4] .
1.1. Notation. Throughout the paper, p and q denote 2 distinct, fixed prime numbers.
We fix the following notation:
K
: a finite extension of Q E : group of global units in K G K : the absolute galois group of K C K : the idele class group of K Σ : the set of embeddings K → Q By 'Hecke character' of K we shall mean a grossencharacter of type A 0 on C K .
We fix embeddings ι ∞ : Q → C, and for every prime an embedding ι : Q → Q , and an extension v of the -adic valuation on Q to Q .
Thus, an element σ ∈ Σ gives rise to an embedding K → Q via composition with ι . Abusing notation, with denote again this embedding by σ.
If λ is a finite prime of K of residue characteristic we denote by:
p λ : maximal ideal of ring of integers in K λ k λ : residue field of λ U λ : corresponding unit group and introduce the subset Σ(λ) ⊆ Σ:
Thus, if σ ∈ Σ(λ) we have a canonical extension to an embedding K λ → Q inducing an embedding:
Notice that the sets Σ(λ) form a partition of Σ when λ runs over the prime divisors of .
Since we have fixed a prime of Q above λ, we can speak of the inertia group I λ ≤ G K at λ. We denote by
the character (factoring through tame inertia) that gives the action of Gal(K λ /K λ ) on a (#k λ − 1)'st root of a uniformizer of K λ . Thus, if #k λ = n the fundamental characters of level n over K λ are the n characters:
for i = 0, . . . , n − 1.
We denote byθ λ the Teichmüller lift of θ λ , and -as we have fixed an embedding Q → K λ -can regard it as taking values in either Q × , or in K × λ . In order to reduce the amount of notation, we allow ourselves to use class field theory implicitly. Thus, if χ :
× is a homomorphism we may find occasion to view χ as a homomorphism on C K . Generally, if χ is a Hecke character of K and if is a prime number, there is attached to the pair (χ, ) an -adic galois representation χ : G K → Q × satisfying appropriate reciprocity laws (cf. for instance [9] , [8] , or the original construction [14] ). The character χ lands in the group of units. Reducing 'mod ' we obtain a representation χ :
In particular, we use these notations ε andε if ε is just a finite-order complex character of C K .
Finally, if x is a complex number, we denote by x c the complex conjugate of x.
One dimensional mod pq representations.
Given representations ρ :
we would like to determine when ρ and ρ arise from one Hecke character simultaneously with respect to the embeddings fixed above. There is no reasonable notion of finitely many mod p representations with p varying, such as ρ and ρ , being compatible (see [5] ) but their arising from a Hecke character (see Section 4 of [5] ) is a special circumstance which we will explore below.
2.1. Hecke characters and Galois representations. In this subsection we wish to recall some properties of Hecke characters, in particular properties of their attached mod Galois representations. We shall follow mainly the exposition of [9] , section 3.4.
Hecke characters.
A Hecke character of K is a continuous homomorphism χ : C K → C × whose restriction to the connected component of 1 at infinity has form:
with integers n σ , σ ∈ Σ. We have used σ c to denote the element of Σ given by
We can consider the restriction of χ to U λ → C K for finite primes λ. As χ is a continuous homomorphism, almost all of these restrictions χ| U λ are trivial and in any case have finite orders and hence conductors. One defines the conductor m of χ to be the product of these local conductors.
As in [9] , we define for an arbitrary prime λ of K the group
with S a finite set of finite primes of K, the group U λ,m is defined to be the connected component of 1 ∈ K × λ if λ is infinite, the whole of U λ if λ ∈ S, and finally the group of units in U λ of level ≥ m λ if λ ∈ S. We may also define U m as the product of all U λ,m .
The integers n σ , σ ∈ Σ, are uniquely determined by χ. We can thus refer to the formal expression σ∈Σ n σ · σ ∈ Z[Σ] as the ∞-type of χ.
The classification of those elements in Z[Σ] that occur as the ∞-type of some Hecke character is known, cf. [14] , [8] , but we shall not need to go into this.
Galois representations attached to Hecke characters.
Suppose that χ is a Hecke character of ∞-type σ∈Σ n σ · σ and conductor m. Let be a prime number. To χ is attached an -adic representation χ of G K . The character χ takes its values in the group of units of Q , and as we have fixed a valuation of this field we can speak of the mod reduction χ of χ . We shall recall, cf. [9] , section 3.4, the description of χ and χ on inertia groups, i.e. on local units groups if we view these characters as characters on C K .
Let λ be a finite prime. Define the character ε λ of U λ as the restriction χ| U λ . Then by construction of χ , cf. loc. cit., we have on U λ :
(Notice that there are 2 different ways of establishing a correspondence between the point of view of [9] and our view of a Hecke character as a character of C K . We could have changed signs on the n σ 's but would then have to define ε λ as the inverse of the restriction of χ to U λ ).
Notice, that as a consequence of definitions we have for a totally positive global unit u that
The following lemma reverses this line of reasoning. Proof. As we saw above, the condition is necessary.
To prove sufficiency, consider the group
as a compact subgroup of C K . The ε λ define a continuous character
There is an extension χ of ε to a continuous character of C K . The question is whether there is an extension which has the desired shape on the connected component
Consider first the case where all n σ = 0. The question is then whether ε extends to a continuous character of C K vanishing on the closed subgroup D K . This will be the case if and only if ε vanishes on the intersection U ∩ D K . Now, the known structure of D K , see [1] , shows that this intersection consists precisely of the embeddings into U of totally positive global units. So, the desired vanishing is implied by the condition we have imposed.
In the general case let m be the conductor of ε. A consequence of our hypothesis is then that
for every u ∈ E m := E ∩ U m . This is sufficient to ensure the existence of some Hecke character χ on C K with ∞-type σ∈Σ n σ · σ. The question is then whether the character ε · (χ| U ) −1 extends to a character of finite order on C K , and we are reduced to the previous case.
Returning now to the discussion before the lemma, we find for the mod reduction χ of the galois representation χ that
So, we may view this as describing the galois representation χ on inertia. Viewing the homomorphisms
as characters on tame inertia above λ, these characters are fundamental characters of level n if #k λ = n , with the residue characteristic of λ, cf. again [9] . So, for each σ ∈ Σ(λ) we have a well-defined number κ(λ, σ) ∈ {0, . . . , n − 1} such that:
Summing up, and viewing χ as a character on G K , we have a description of χ on inertia groups: Proof. This follows from the fact that the only roots of unity that have trivial reduction mod p are those that have order a power of p.
Lemma 3. Let G be a profinite group and G a subgroup of finite index. Then for a (finite order, continuous) ε : G → C × to be the restriction of a (finite order, continuous) character ε : G → C
× it is necessary and sufficient that ε p and ε q , the reductions of ε mod p and mod q, arise by restriction from characters of G. Proof. This is clear from the construction of λ-adic representations from Hecke characters (see [8] ) and Lemma 2 (see Section 4 of [5] ). The point here is that if χ is a Hecke character and if χ p is the 1-dimensional p-adic representation of G K associated to it, then the image of a inertia group at any prime not above p is finite and does not depend on the p of the compatible system of p-adic representations that χ gives rise to as long as the residue characteristics of p and are coprime. Proof. Let L be the finite abelian extension of K that is the compositum of the fixed fields of the kernels of ρ and ρ . Let K be the fixed field of L under the action of all the inertia groups I v for v a finite place of K not above p or q. As we are assuming the necessary conditions of Lemma 4, we deduce that there are liftsρ andρ of ρ| G K and ρ | G K , respectively, such that the order ofρρ −1 is of the form p α q β . Then by Lemma 2, there is an Artin character ε of G K such that 
Lemma 5. Assume the necessary conditions above. Then there is an Artin character
Here, the v i and the v j are the places of K above p and q respectively.
Proof. This is again clear from the construction of λ-adic representations from Hecke characters (see [8] or the above review in section 2.1.2) and Lemma 2, by considering the restrictions ρ| I v j and ρ | Iv i .
Lemmas 5 and 6 reduce us to examining ρ, ρ that are unramified outside primes above p and q and the infinite places, and looking for lifts by Hecke characters that are of conductor divisible only by primes above p and q.
2.3.
The case K = Q. Before studying the general case we first study the case K = Q that will highlight the essential features. Assume that p, q are odd primes. As notation, for any prime p we denote by θ p := θ F p the mod p cyclotomic character and byθ p its Teichmüller lift (we will regard the latter as a character taking values either in 
Proof. We will assume (w.l.o.g. because Lemma 5 ensures this situation after twisting by an Artin character) above that ρ and ρ are unramified outside p, q and the infinite place.
The Hecke characters for Q have a particularly simple description: they are of the form ε · Nm k where ε is an Artin character, Nm is the norm character, and k is an integer. The proof will be accomplished by analyzing mod p and mod q representations which arise from a character χ := εε Nm k where ε is primitive of conductor a power of p, and ε is primitive of conductor a power of q (we need only study such characters because of Lemma 6). The mod p and mod q (i.e., more precisely w.r.t. embeddings ι p , ι q fixed above) characters of G K that arise from χ are
We want to determine conditions on ρ and ρ such that there is a triple (ε, ε , k) and the corresponding Hecke character χ = εε Nm k has the property χ p = ρ and χ q = ρ , i.e., gives rise to ρ and ρ . It will be useful first to determine to what extent χ p and χ q determines the triple (ε, ε , k). For this note that χ q | Ip = ε q | Ip , and thus the Artin character ε which is of conductor a power of p is determined up to characters (of conductor a power of p) that have order a power of q. This determines the wild part of ε, and determines the tame part up to characters of order a power of q.
By
We deduce from the above analysis, using further the fact that the abelian extension L of Q which is the compositum of the fixed fields of the kernels of ρ and ρ is generated by the inertia groups above p and q in Gal(L/Q) (Q has no non-trivial unramified extensions), that there is a Hecke character χ with χ p = ρ and χ q = ρ , if and only if there exists an integer k that is congruent to k p − a p mod A p and k q − b q mod B q . Thus we have completely explicit necessary and sufficient conditions for the existence of a χ such that χ p = ρ and χ q = ρ and these conditions depend only on ρ|
Remark 2. By examining the proof we see that we have a classification of the lifts of ρ and ρ by Hecke characters.
2.4.
The case of general K. We retain of course the notation of 1.1, but also of section 2.1.2 above.
The following theorem will give a general criterion for the existence of a Hecke character χ of K, such that
Because of Lemma 5 we may, and will, restrict ourselves to the case where ρ and ρ are both unramified outside p and q.
Before stating the theorem we introduce some data attached to the given representations ρ and ρ :
Let v 1 , . . . , v s and v 1 , . . . , v t be the primes of K above p and q, respectively. Define the natural numbers A i , B j by the requirements:
and similarly
Let k i and k j be integers such that:
Also, there are integers b j , well-defined modulo B j , and a complex character ψ j : I v j → C × of q-power order such that:
and similarly we have integers a i , well-defined modulo A i , such that:
Finally, we shall denote by rec λ the reciprocity map K
Consider the above situation and suppose that integers n σ , σ ∈ Σ, are given. Then there exists a Hecke character χ of ∞-type σ∈Σ n σ ·σ, and unramified characters φ :
if and only if the following conditions hold:
(1)
and
for every totally positive global unit u.
Proof. The structure of the proof is as follows. We first seek to determine the restriction of χ to local unit groups U λ for primes λ lying above p or q. This is done via matching the description we have from section 2.1.2 with the information coming from the behaviour of ρ and ρ at local inertia groups. Then Lemma 2 is invoked to give local conditions which will turn out as the conditions (1) and (1 ) . Once these restrictions of χ have been determined, the existence of χ amounts to the global condition of Lemma 1 which will turn into condition (2).
Proof of necessity:
Assume that χ exists with the stated properties. According to lemma 6, χ is unramified outside the primes dividing p or q, and the infinite primes.
If is a prime number and λ a finite prime of K, we have -retaining the notation of section 2.1.2 -that
In particular we have for i = 1, . . . , s:
We conclude that the mod p and mod q characters
vi mod q) · (ψ i mod q) of I vi simultaneously lift to a (uniquely determined) complex character of I vi , namely ε vi . On the other hand, as individual lifts of these characters arẽ
where ψ i has p-power order, and asθ v i has order prime to p, we deduce from lemma 2 that the characterθ
has q-power order. This implies (1) by the definition of A i . Lemma 2 also gives:
Similarly, (1 ) follows from the fact χ gives a simultaneous lift of the representations ρ and ρ restricted to I v j , and we see that in fact
Now, as χ is unramified outside pq and the infinite primes, condition (2) follows from lemma 1, ( * * ) and ( * * * ).
Proof of sufficiency:
Define complex characters on inertia at the primes v i , i = 1, . . . , s, and v j , j = 1, . . . , t, according to ( * * ) and ( * * * ) above. Define also ε λ to be the trivial character on I λ if λ is a finite prime not above p or q.
If these characters are viewed as characters on local unit groups U λ , then (2) combined with Lemma 1 imply that these local characters are in fact restrictions to the U λ of a Hecke character χ with ∞-type σ∈Σ n σ · σ.
For such a χ we deduce, utilizing (1) and (1 ), and reversing the pertinent reasoning in the proof of necessity above, that the characters χ (1), (1 ) and (2) Example: Suppose that K is an imaginary quadratic field containing no other roots of unity that ±1. Let p and q be odd primes that split in K. Fix an embedding σ : K → C and consider an ∞-type m · σ + n · σ c , with integers m and n. We apply Theorem 1 to find the conditions on m and n necessary and sufficient for the existence of a Hecke character χ with ∞-type m · σ + n · σ c and both χ p and χ q globally unramified. So, we apply Theorem 1 for the case ρ = ρ = 1 and hence
A possible way to do this would be to use lemma 1 for the case n σ = 0 -under the assumptions of lemma 5 -to 'shift' (via twisting) any ramification outside pq · ∞ to a prime above p (say). After this, one could plug the data into theorem 1 and get explicit conditions. As the reader will however quickly ascertain, this method would result in exactly the same modified conditions
The conditions (1) and (1 ) of the theorem amount then to 4 congruence conditions on n and m which are seen to boil down to:
n, m ≡ 0 mod C where C := l.c.m.{A, B} with A := A 1 = A 2 and B := B 1 = B 2 as in the definitions preceding the theorem. Now, C is an even number so if n and m are both divisible by C, then condition (2) of the theorem is automatically satisfied as ±1 are the only units in K.
So there exist Hecke characters χ 1 and χ 2 with ∞-types C · σ and So any pair (ρ, ρ ) of unramified mod p and mod q characters that lifts exactly to a Hecke character necessarily has form:
with an unramified Artin character ε. If the class group of K has exponent α and order h, it follows that the number of such pairs (ρ, ρ ) is bounded by α 2 · h. On the other hand, if h is not divisible by p or q, then the total number of pairs of unramified mod p and mod q characters is at least h 2 . Hence, if further h > α 2 there necessarily exist at least 1 such pair that does not lift 'exactly' to a Hecke character. As a concrete example, one can take K = Q( √ −3 · 5 · 7 · 11), which has class group isomorphic to (Z/Z2) 3 , and for p and q any two distinct odd primes that split in K.
Serre's conjecture mod pq
This will be a speculative section on issues surrounding mod pq versions of Serre's conjectures in [10] . Let p and q be odd primes and fix as above embeddings ι p and ι q of Q in Q p and Q q as before. Barry Mazur and Ken Ribet had investigated the question of when a pair of odd continuous irreducible mod p and mod q Galois representations ρ : N ) ) for some level N and with respect to the embeddings ι p and ι q that have been fixed. William Stein made some computations ( [11] ) towards this question in which the level N was varied in order to discover a newform f ∈ S 2 (Γ 0 (N )) of the desired sort.
There are certain local constraints that one must impose, and which we will come to later (see Conjecture 1 below), to expect to have an affirmative answer. It must be pointed out here that even assuming Serre's original conjecture [10] , i.e., assuming that ρ and ρ are individually modular, proving that they are simultaneously modular is a different ball game. Even after having imposed these necessary local constraints what makes this question difficult to address even computationally is that there seems no a priori way of guessing what levels N one should be looking at (though one does know by the analysis in [3] what levels one should not be looking at as local constraints preclude some primes diving the levels of newforms which give rise to either of the ρ or ρ !). Unlike the situation in Serre's conjecture where he did specify a minimal level at which a representation like ρ should be found (before Ribet et al, cf. [7] , proved this -conjecture one did not even know whether there existed a minimal level even without caring about what it exactly was), there does not seem to be a "minimal level" N ρ,ρ at which ρ and ρ should arise from a newform f ∈ S 2 (Γ 1 (N ρ,ρ ) ), i.e., all other levels M at which ρ and ρ arise from a newform in S 2 (Γ 1 (M )) should be divisible by N ρ,ρ .
There is one natural guess for which levels N one can look at which unfortunately is very unlikely to be correct. Let N (ρ), resp., N (ρ ), be the prime to p, resp., prime to q, part of the Artin conductor of ρ, resp. ρ . Then we can try to look for the desired newform from which ρ, ρ arise simultaneously in
where α, β vary. The reason why this is unlikely to work is that there are only finitely many α, β such that there will exist a newform f ∈
new that can give rise both ρ and ρ . This follows from the analysis in [3] which gives that if ρ (resp., ρ ) arises from
new then β (resp., α) is bounded. (Note that on the contrary by Lemme 1 of [3] ρ, resp. ρ , does arise from
new for all α ≥ 2, resp., β ≥ 2.) Further again unlike the situation for a single representation ρ, if there does exist a newform f which gives rise to ρ and ρ , it is not clear that there are infinitely many, i.e., there is no known way that one can systematically raise levels mod pq unlike in the case of mod p representations where a complete study is available because of the work of Ribet (cf. [6] ) and others.
In the questions raised by Mazur and Ribet and the subsequent computations of William Stein only the level aspect of this question was considered. In the following paragraphs we discuss the "weight aspect".
Suppose for simplicity for this paragraph that ρ and ρ arise individually (with respect to the embeddings ι p , ι q ) from newforms of level N in S k (Γ 0 (N )) with N squarefree and (N, pq) = 1. (This ensures that the necessary local conditions of Conjecture 1 below are satisfied.) Then we can ask if they arise simultaneously from a newform f ∈ S k (Γ 0 (N )) for some k >> 0. Unlike the previous paragraph this is more difficult to rule out as for all k congruent to k mod l.c.m.(p − 1, q − 1) the ρ and ρ individually do arise from S k (Γ 0 (N )). This of course can be seen by multiplication by powers of the normalized Eisenstein series E p−1 and E q−1 (Hasse invariants mod p and mod q) that are congruent to 1 mod p and 1 mod q respectively and then applying the mod p or mod q Deligne-Serre lifting lemma, or better still in the present context by multiplication by a suitable power of the souped up "mod pq Hasse invariant" Discussion of the conjecture: The main feature of the conjecture is that the conditions are local (recall that in [10] the definition of k(ρ), k(ρ ) is purely in terms of ρ| I p , ρ | I q ). The condition in the conjecture at primes is empty for that are = p, q and unramified in both ρ and ρ , and thus there are only finitely many conditions that need to be checked as per the conjecture. The restriction that ρ is unramified at q and ρ is unramified at p is a technical restriction which arises from the difficulties of studying mod p representation restricted to D p arising from newforms with levels divisible by powers of p (there are some results towards this in [2] and [13] ): it will be nice to remove this technical restriction and refine the above conjecture to allow ρ and ρ to be ramified at q and p respectively.
We can make a more optimistic conjecture and fix a weight k ≥ 2 congruent to k(ρ) mod p − 1 and k(ρ ) mod q − 1, and ask that ρ and ρ arise from S k (Γ 1 (N )) for some (variable) N prime to pq (as in [11] ), or we can fix N prime to pq and divisible by N (ρ) and N (ρ ), the prime-to-p and prime-to-q parts of the Artin conductors of ρ and ρ respectively, and ask that ρ and ρ arise from S k (Γ 1 (N )) for some (variable) k as in the discussion above. We can also weaken the conjecture and instead of asking that ρ and ρ arise from a common newform with respect to fixed embeddings ι p , ι q , allow these embeddings to vary, or alternatively ask that ρ and ρ arise simultaneously (w.r.t. the fixed embeddings ι p and ι q ) from the Galois orbit of a newform f .
One can also formulate a conjecture entirely analogous to Conjecture 1 for compatible lifts of ρ and ρ to p-adic and q-adic representations of G Q , which we leave as an exercise for the interested reader. As was pointed out in [4] such a conjecture has relevance to Serre's original conjecture in [10] because of the modularity lifting theorems of Wiles et al.
In connection with Conjecture 1 it is important to notice that the weight k may very well depend on the choice of primes of Q over p and q. The following simple example illustrates this. Example: Suppose that f and f are two newforms on SL 2 (Z) of some weight k and let ρ and ρ be the mod p and mod q representations attached to f and f , respectively. The conditions of Conjecture 1 are then satisfied so that the Conjecture would have ρ and ρ arising from a newform F ∈ S m (Γ 1 (N )) for some m ≥ 2 and some N prime to pq.
To illustrate with a simple example that the possible weights m may depend on our choice of primes over p and q, suppose that p = 5, q = 7, and that f and f are the 2 newforms of weight 24 and level 1:
with {α, α } := {−13/2 ± √ 144169/2}. The primes 5 and 7 both split in the quadratic field Q( √ 144169), say 5 = p 5 · p 5 and 7 = p 7 · p 7 . Now, ∆ is congruent mod p 7 to either f or f . Let us assume notation so that ∆ ≡ f (p 7 ). As Q ≡ 1 (5) we have then ∆ ≡ f (p 5 ), ∆ ≡ f (p 7 ).
On the other hand, as αα is divisible by 5 we have
and f is the solution to these congruences with smallest possible weight. 
